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(21.) Consider the two statements given below:
I. There exists a matrix N e M, (R) such that {(1,1,1,—1),(1,—1, 1, 1)} is a basis of Row (V) and
(1,2,1,4) e Null(N).
II. There exists a matrix M € M, (R)such that {(1,1, 1,O)T (1 O,l,l)T} is a basis of Col(M) and
(1,1,1,1)", (1,0,1,0)" & Null(M) .
Which of the following statements is true?
(a.) StatementIis TRUE and Statement II is FALSE
(b.) Both Statement I and Statement II are FALSE
(c.) Both Statement I and Statement II are TRUE
(d.) StatementIis TRUE and Statement II is FALSE
(22.) liml(l NG+ ... + {l/;)
n—w n
(a.) Isequal to O
(b.) Isequal to 1
(c.) Isequalto?2
(d.) Does not exist
0 -1 0
(23.) Let M=|1 2 -1|. Given that 1 is an eigenvalue of M, which of the following statements is
1 1 3
true?
(a.) -2 is an eigenvalue of M
(b.) 3is an eigenvalue of M
(c.) The eigen space of each eigen value has dimension 1
(d.) Mis diagonalizable
(24.) Let S={1,2,...,100}and let A={1,2,...,10}and B={41,42,...,50}. What is the total number of
subsets of S, which have non-empty intersection with both Aand B?
2100
(a.) 220
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(25.)

(26.)

(27.)

(28.)

(29.)

100!

b.
(b, 10!10!

(c) 2%(2°-1)
(d.) 0100 _ 5(p10)

Let Abe a 4x4matrix such that -1,1,1,-2are its eigenvalues. IfB=A*-5A%+5I, then
trace (A + B) equals

Let n >1be a fixed natural number. Which of the following is an inner product on the vector
space of nxnreal symmetric matrices?

(@) (A,B)=(trace(A))(trace(B))
(b.) (A,B)=trace(AB)

(c.) (A,B)=determinant(AB)
(d.) (A,B)=trace(A) + trace (B)

Consider the sequence {a,}

n>1’

where a, =3+ 5(—%) +(=1)" (% +(=1)" 2) . Then the interval
n

(lim infa ,limsupa, ) is given by

n—ow

Let f,g:R Rbe given by and f(x)=x’and g(x)=sinx. Which of the following functions is

uniformly continuous on R?

(a) h(x)=g(f(x)
(b.) h(x)=g(x)f(x)
(c) h(x)=f(g(x)
(d.) h(x)=f(x)+g(x)

1 1 1 1 1

11
Let S == - —X——F—x————x—+
'3 273 3 3 4 3
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(30.)

(31.)

(32.)

(33.)

1 1 1 1 1 1 1
e A NP

Which of the following identities is true?
(a.) 3S, =4S,

(b.) 4S, =385,

(c) S +S,=0

(d) S, =8,

+ ...

Which of the following sets are countable?

(a.) The set of all polynomials with rational coefficients.

(b.) The set of all polynomials with real coefficients having rational roots.
(c.) The set of all 2 x 2 real matrices with rational eigenvalues

(d.) The set of all real matrices whose row echelon form has rational entries

Let A and B be nxn matrices. Suppose the sum of the elements in any row of Ais 2 and the
sum of the elements in any column of Bis 2. Which of the following matrices is necessarily
singular?

1

(a.) I—EBAT
(b)) I—%AB
) 1-%,43
(d) I—%BAT

Let V= {A eM, ,(R):A'+AcR-I } , where I is the identity matrix. Consider the quadratic form
defined as q(A) = Trace(A)” — Trace(A?). What is the signature of this quadratic form?

(a) (++++)
(b.) (+000)

(c) (+-=-)

(d.) (---0)

Let y be the positively oriented circle {z eC:lz|=3 / 2} . Suppose that I - > dz =27iC

"(z-1(z-20)

. Then |C|equals

(a) 2

(b.) 5

(c) 1/2
)

(d) 1/5
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(34.)

(35.)

(36.)

(37.)

(38.)

Let DcC be the open unit disc {ze(C:|z|<1} and O(D)be the space of all holomorphic

e " ifn is even

functions on D . Consider the sets A= {f e (D) :f( ) = o
0 ifnisodd

1 ;fornZQ}.
n

B:{feO(D):f(%)=(n—2)/(n—1),n22}.

Which of the following statement is true?
(a.) Both A and B are non-empty

(b.)
(c.) A has exactly one element and B is empty
(d.) Both A,B are empty

A is empty and B has exactly one element

How many generators does a cyclic group of order 36 have?
(a) 6

(b.) 12
(c) 18
(d.) 24

Which of following statements is necessarily true for a commutative ring R with unity?
(a.) R may have no maximal ideals
) R can have exactly two maximal ideals
(c.) R can have one or more maximal ideals but no prime ideals
)

R has at least two prime ideals

Let f(z) be a non-constant entire function and z =x+ iy . Let u(x,y),v(x,y) denote its real and
imaginary parts respectively. Which of the following statements is FALSE?
(@) u,=v,and u,=-v

X

(b.) u,=v,and u, =-v,

) [ (x+iy)f =u (xy) +v, (xy)

@d) | (x+i) =u, (xy) +v, (xy)

Let S={n:1<n<999;3|nor37|n}. How many integers are there in the set

S ={n:1<n<999; ngS}?
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(39.)

(40.)

(41.)

(42.)

(43.)

z°+2z-4

Let f be a rational function of a complex variable z given by f(z)= . The radius of

convergence of the Taylor series of f at z=1is

(a) O
(b) 1
(c.) 2
(d) o

Let (X,d) be a metric space and let f:X — X be a function such that d(f(x),f(y)) <d(x,y)
for every x,y € X . Which of the following statements is necessarily true?

(a.) fis continuous
(b.) fisinjective
c.)
d.)

(
(d.

f is surjective

f is injective if and only if f is surjective

If y(x)is a solution of the equation 4xy" + 2y’ +y = 0 satisfyingy (0) =1. Then y”(0)is equal to

(a.)
(b.)
(c.)
(d.)

1/24
1/12
1/6
1/2

A body moves freely in a uniform gravitational field. Which of the following statements is true?
(a.) Stable equilibrium of the body is possible

(b.) Stable equilibrium of the body is not possible
(c.) Stable equilibrium of the body depends on the strength of the field
(d.) Equilibrium is metastable

1,
Which of the following is an extremal of the functional J(y)= I(y'z - 2xy)dx that satisfies the
e}

boundary conditions y(-1)=-1and y(1)=17?

3
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(a) ——+—
5 )
x° 9x
(b)) —+—
8 8
X Tx
(c) ——+—
6 6
x° 8x
d) —-—+—=
7 7
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(46.)

(47.)
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Let a,b,c € R be such that the quadrature rule J:llf(x)dx =af (-1 +bf'(0) + cf'(1)is exact for

all polynomials of degree less than or equal to 2. Then a + b + ¢ equal to

Consider the following two initial value ODEs
dx

(A) E=x3, x(0)=1;

dx .9
(B) o = xsinx, x(0)=2
Related to these ODEs, we make the following assertions.
(I) The solution to (A) blows up in finite time.
(I) The solution to (B) blows up in finite time.
Which of the following statements is true?
(a.) BothI andII are true
(b.) Iis true but Il is false
(c.) BothI andII are false
(d.)

I is false but Il is true

Which of the following partial differential equations is NOT PARABOLIC for all x,yeR ?

a. oyt y?=0
(@) 0x0y y@y Y
o*u o*u o*u
b.) x? - 2x 2
(b.) 0x? yaxéy Y oy?
2 o’u o’u
c.) x? 2 =
(e x> y@x@y Y oy?
2 2 2
(d) xgﬁu_ o‘u . , 0 U x6u+y6u_o

2x + — =
ox> y@x@y y oy’ ox oy

ou

Let u(x,y)solve the Cauchy problem ou_ x—+u-1=0where

oy ox
u(x,0)=sinx. Then u(0,1)is equal to
1

(a) 1-=
e

b) 1+1

—0< x <o, y>0and
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l-sine

(d) 1+

(48.) Let the solution to the initial value problem

y=y-t2+1,0<t<2, y(0)=0.5

be computed using the Euler’s method with step-length h =0.4. If y(0.8)and w(0.8)denote
the exact and approximate solutions at t = 0.8, then an error bound for Euler’s method is given

by

(a) 0.2(0.5¢* -2)(e** 1)
(b.) 0.1(e** -1)

(c) 0.2(0.5¢*-2)(e® -1)
(d.) 0.1(e*®-1)

(49.) Suppose Poisson X | A ~Poisson(1)where 1>0. Consider the exponential distribution with
mean 1/ 4 for the prior on A . If the observed value of Xis 0, then which among the following is
the 95% Bayesian credible (confidence) interval for 1 of smallest length?

(a.) (0,c)where ¢ =0.95b

log(20)

(b.) (0,c) where ¢ = =

(c) (c,exp(c))where c :@

_log(20)

(d.) (0.2-¢,0.2+c)where c s

(50.) A proportion p of a large population has particular disease. A random sample of k people is
drawn from the population and their blood samples are combined. An accurate test for the
disease applied to the combined blood sample shows a positive result, hence at least one of the
k people has the disease. What is the probability that exactly one of the k people has the
disease?

k-1

kp(1- p)
1-(1-p)*

k-1

(b) (1_ p)k +kp(:}c_ p)
1-(1-p)

p+p +.+p

1
d) =
(d.) P

(51.) Let S={1,2,3,4,5}. Consider a Markov chain on the state space S with transition probability

matrix.
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(52.)

(53.)

(54.)

0 03 07 O 0
0 0 03 07 O
0 0 0 03 0.7
0.7 O 0O O 03
03 07 0 O 0

Then which of the following is always true?
(a.) State 1 has period 2

(b.) State 2 is recurrent

(c.) State 3 is transient

(d.) The chain admits at least two stationary distributions

Consider a BIBD (Balanced Incomplete Block Design) with v treatments in b blocks, each of
which has k plots. Let r denote the number of blocks in which each treatment occurs. Let 1 be
the number of blocks in which each pair of treatment occurs. Which of the following statements
is necessarily true?

(a.) vb=rk
(b.) vr=bk
(c) r(b-1D=a(k-1)
(d) re-1D=a(b-1)

Let X,,X,,...,X,;be a random sample from normal distribution with unknown mean g and

variance 4. Suppose Z ~N(0,1). For the most powerful test for testingH,:u=3vs H,:u=0,
which one of the following is the p -value where the observed sample mean is 2.5

(@) p(Zz>1)
(b.) p(Z>-1)
(c) p(Zz>0.5)

d) p(Z>-0.5)

Let X,,X,,...be i.i.d. random variables with uniform distribution on the interval [0,1]. Let Y,
denote the k" order statistic based on the sample X,...,X, (e.g. Y,, =min{X,,...,X,}) . What is
the probability that Y,,, =Y,,, ?

SRR
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(55.)

(56.)

(57.)

(58.)

(59.)

Let X,,X,,X,,X,be ii.d. random variables having uniform distribution on (0,6)where 6 >0 is

an unknown parameter. Define X, = max{X,,X,,X,,X,}. Consider the confidence intervals

1=[2X,,3X, Jand J=[X,,1+ X, |for 6. Which of the following is true?

(a.) The converge probabilities of I and J are both independent of ¢

(b.) The converge probability of I jg independent of g#but the converge probability of Jis NOT
independent of 4 .

(c.) The converge probability of J is independent of #but the converge probability of Iis NOT
independent of 4.

(d.) The converge probabilities of both I and J are NOT independent of 4.

Let X,,X,,...,X,be a random sample from exponential distribution with mean¢. Which of the
following is NOT a sufficient statistic for 9?

1
(a.)
X+ X, +..+X,

b)) X, +X,+...+X,

Xn
(c)
X +X,+...+X

n-1

(d) (X, X, +X,+..+X, )

Consider a M /M /1lqueueing system with traffic intensity p <1. The probability of having n
customers in the system at the steady state is given by

(@) p"

(b) p(1-p")
(c) P (1-p)
(d) p"(1-p)

Suppose (x,,y,),(%,,Y,),---,(x,,y, ) are bivariate measurements where n > 2. Assume that all the
x;are distinct and all the y, are distinct too. Let r, denote the ordinary (Pearson) correlation
coefficient and r, denote the (Spearman) rank correlation coefficient. Suppose r, =1. Which of

the following is true?

(@) 0.5<r <1
(b)) r,=0.5
(c) r.=1

d) r,=-1

A newly developed algorithm for random number generation need to be tested. The first step is
to check whether the sequence of numbers generated can be considered a random sample from

the uniform distribution on the interval (0,1). Which of the following is an appropriate non-
parametric test?

(a.) Wilcoxon signed rank test

DIPS HOUSE, 28, Jia Sarai, Hauz Khas, Near I.I.T., New Delhi-110016 ’ 9

www.dipsacademy.com | info@dipsacademy.com | Ph. 88-00-22-1386, (011)-26537527



An ISO 9001 : 2015 Certified Instituts

1PS ACADEMY
CSIR NET/JRF Mathematics Papef‘ [1 B FBb, 2022] REGENERATING LOGICS

MATHEMATICS & STATISTICS

(b.) Sign test
(c.) Paired ttest

(d.) Kolmogorov-Smirnov test

(60.) Suppose that Y has Exponential distribution with mean #and that the conditional distribution
of Xgiven Y=y is Normal with mean O and variance y, for all y>0. Identity the

characteristic function of X (defined as¢(t) = E[e™]) from the following.

9,2
(a) e?
12
(b) e
©) —
1+=0t
2
) —2
0+=0t
2

PART-C

(Mathematical Sciences)

(61.) Which of the following are inner products on R*?

X ) (Y
(a.) F y = XY, +2xY, + 2%y, + Y,
2 2

X Y
(b)) ’ =XYir+ XY, +XY, + 2X,Y,
Xy ) \Ya

(c.) Y =X Y, + XY, + XY, + X
. x2 4 y2 1y1 1y2 le 2y2

(d.) M| [ =X —lx —lx + X
* x2 ’ y2 lyl 2 1y2 2 2y1 2y2

(62.) Let AcRandlet f:R —> R be continuous. Which of the following statements are true?
(a.) If Ais closed then f(A)is closed
(b.) If Ais bounded then f'(A)is bounded
(c.) If Ais closed and bounded then f(A)is closed and bounded
(d.) if Ais bounded then f(A)is bounded
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(63.) Let T:X — Y be a bounded linear operator from a Banach space X to another Banach space Y .
Which of the following conditions imply that T has a bounded inverse?

(@) infy,  [ITx]=

(b.) infy,  |Tx|=0and T(X)is densein Y
() inf,, I7xl> 0

(d.) inf,  ITx|>0and T(X)is dense in Y

(64.) Let Abe an mxn matrix such that the first r rows of A are linearly independent and the first
Scolumns of Aare linearly independent, where r<m ands<n. Which of the following
statements are true?

(a.) The rank of Ais at least max{r,s}
(b.) The submatrix formed by the first r rows and the first § columns of A has rank min{r,s}

(c.) If r<s, then there exists a row among rows r +1,...,m which together with the first r rows
form a linearly independent set.

(d.) If s<r, then there exists a column among columns s+ 1,...,n which together with the firsts
Scolumns form a linearly dependent set

(65.) Let f:[0,1] >R be a continuous function such thatj.otf(x)dx = J.:f(x)dx, for every te[0,1].
Then which of the following are necessarily true?
(a.) f is differentiable on (0,1)

(b.) f is monotonic on [0,1]
I;f(x)dx =1

(d.) f(x)> 0 for all rationals x €[0,1]

(66.) Consider the system

2x+ky=2-k
kx+2y=k
ky+kz=k-1

in three unknowns and one real parameter k . For which of the following values of k is the
system of linear equation consistent?

(a) 1
(b)) 2
(c) -1
(d) -2
k
(67.) For non-negative integers k > 1define f, (x)= (x—)Q Vx>0.
1+x

Which of the following statements are true?

(a.) For each Kk, f, is a function of bounded variation on compact intervals
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(68.)

(69.)

(70.)

(71.)

(b.) Forevery k , I:fk (x)dx < o

(c) lim I; £, (x) dx exists

(d.) The sequence of functions f, converge uniformly on [0,1]as k — «

Let R*denote set of all positive real numbers. Suppose that f:R" > Ris a differentiable

function. Consider the function g(x) = e* f (x) . Which of the following are true?

(a.) If lim f (x) =0then lim f'(x)=0

(b) Iflim(f (o) + f'(x)) = O then gg% _o
(c.) If lim f'(x) =0 then lim f (x) =0

X—>w X—>w

(d.) If}cii{ol(f(x) + f'(x)) =0 then lim f (x)=0

Let A be an mxm matrix with real entries and let X be an m x1vector of unknowns. Now
consider the two statements given below:

I: There exists non-zero vector b, € R™ such that the linear system Ax = b, has NO solution.

II: There exist non-zero vectors b,,b, e R™, with b, #cb,for any ceR, such that the linear

systems Ax =b,and Ax = b,have solutions.

Which of the following statements are true?

(a.) IIis TRUE whenever Ais singular

(b.) Iis TRUE whenever Ais singular

(c.) BothI and II can be TRUE simultaneously

(d.) If m =2, then at least one of I and II is FALSE

Let f:R® >R’be a C'function with f(0,0,0)=(0,0). Let Adenote the derivative of f at
(0,0,0). Let g:R’—>Rbe the function given by g(x,y,z)=xy+yz+zx+x+y+z. Let
h:R® - R® be the function define by h =(f,g). In which of the following cases, will the function

h admit a differentiable inverse in some open neighbourhood of (0,0,0) ?

[1 2 1]
(a) A=
0 0O

(b.)AZQQQJ
6 5 2
) Azoo-lj
01 0
(d.)A:424j
0 3 2

Let Xbe a topological space and E be a subset of X. Which of the following statements are
correct?
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(72.)

(73.)

(74.)

(75.)

E is connected implies E is connected

)

.) Eis connected implies JE is connected

) Eis path connected implies E is path connected
)

E is compact implies E is compact
It is known that X=X,eM,(Z) is a solution of AX-XA=A for some

1 1 -1 1 1 -1
Ae{( 1 1)’[1 J,( 1 lj} Which of following values are NOT possible for the

determinant of X ?

(a) det(X,)=0
(b.) det(X,)=2
(c.) det(X,)=6
(d) det(X,)=10

Let M € M, (R) such that M # 0 but M” =0 . Which of the following statements are true?
(a.) If nis even then dim(Col(M)) > dim (Null(M))
(b.) If nis even then dim(Col(M)) < dim (Null(M))
(c.) If nis odd then dim(Col(M)) < dim(Null(M))
(d.) If nis odd then dim(Col(M))> dim (Null(M))

In which of the following cases does there exist a continuous and onto function f: X ->Y ?
(a) X =(0,1),Y =(0,1]

(b.) X =[0,1],Y = (0,1]

(c) X=(0;1),Y=R

(d) X =(0,2),Y ={0,1}

Let f:R*> - R be a bounded function such that for each t e R, the function g, and h, given by
g.(y)=f(t,y)and h,(x)=f(x,t) are non decreasing functions. Which of the following
statements are necessarily true?

(a.) k(x)= f(x,x)is a non-deceasing function

(b.) Number of discontinuities of f is at most countably infinite

(c) lim )f(x,y) exists

(2,y) > (400,490

(d.) lim )f(x,y) exists

(56,y) (00,0
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(76.)

(77.)

(78.)

(79.)

(80.)

Let Y be a nonempty bounded, open subset of R"and let Y denote its closure. Let {U j}j>1 be a

collection of open sets in R"such that Y ¢ U,,U;. Which of the following statements are true?

j=1
(a.) There exist finitely many positive integers j,..., j, such that Y ¢ UI,X:IUjk
(b.) There exists a positive integer Nsuch that Y c U], U,

(c.) For every subsequence j, j,,...we have Y c Uy U,

(d.) The exists a subsequence j, j,,...such that Y = | U i

Let (a,) and (b,) be two sequences of real numbers and E and F be two subsets of R. Let
E+F={a+b:acE,beF}. Assume that the right hand side is well defined in each of the
following statements. Which of the following statements are true?

(a.) limsup(a, +b,)<limsupa, +limsupb,
(b.) limsup(E +F)<limsupE + limsup F

(c.) liminf(a, +b,)<liminfa, + liminf b,

n—o n—o n—o

(d.) liminf(E + F)=liminf E + limsup F

Let Abe an nxnmatrix. We say that Ais diagonalizable if there exists a nonsingular matrix P

such that PAP'is a diagonal matrix. Which of the following conditions imply that A is
diagonalizable?

(a.) There exists integer k such that A* =1
(b.) There exists integer k such that A" is nilpotent

(

c.) A?is diagonalizable
(d.) Ahas nlinearly independent eigenvectors

<1l+|z|for all ze C . Then

Let f be an entire function such that |zf (z) -1+ e
(a) f'(0)=-1

(b.) f(0)=-1/2

(c) f"(0)=-1/3

d) f"0)=-1/4

Let p be a prime number and N, be the number of pairs of positive integers (x,y) such that
.11
x y p'

Which among the following are possible values of N, ?
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(81.)

(82.)

(83.)

(84.)

(85.)

Let T denote the unit circle {z eC:lzl= 1} in the complex plane and let D be the open unit disc

{zeC:|z|<1}. Let Rdenote the set of points z,in T for which there exists a holomorphic
function fin an open neighbourhood U, of z,such that f(z)=3 ; ,z*in U, nD. Then R
contains

(a.) All points of T

(b.)

(c.) All points of T except a finite set
(d.)

Infinitely many points of T
No points of T

A positive integer n co-prime to 17, is called a primitive root modulo 17 if n* —1is not divisible
by 17 for all k with 1<k <16. Let a,b be distinct positive integers between 1 and 16. Which of
the following statement are true?

(a.) 2 is a primitive root modulo 17
(b.)
(c.) If a,b are primitive roots modulo 17, then ab is primitive root modulo 17.
(d.)

If ais a primitive root modulo 17, then a’is not necessarily a primitive Root modulo 17
Product of primitive roots modulo 17 between 1 and 16 is congruent to 1 modulo 17.

Let f=a,+a,X+...a,X"be a polynomial with a, eZfor 0<i<n. Let pbe a prime such that

plaforall 1<i<nand p’does not divide a, . Which of the following statements are true?
(a.) fis always irreducible

(b.) f1is always reducible

(c.

c.) f can sometimes be irreducible and can sometimes be reducible
(d.) f can have degree 1

Which of the following statements are true about subsets of R?with the usual topology?
(a.) Ais connected if and only if its closure A is connected
(b.

) Intersection of two connected subsets is connected
(c.) Union of two compact subsets is compact
)

(d.) There are exactly two continuous function from Qto the set {(0,0),(1,1)} .

(sinz)™

Consider the function f(z)= for 0<|z|<1where m,nare positive integers. Then

(1-cosz)"
z=01s

(a.) A removable singularity if m > 2n

(b.) A poleif m < 2n
(c.) A poleif m>2n
(d.) An essential singularity for some values of m,n
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(86.) Consider A={1,1/2,1/3,..,1/n,.../neN}jand B=Au{0}. Both the sets are endowed with
subspace topology from R. Which of the following statements are true?
(a.) Ais aclosed subset of R
(b.) Bis aclosed subset of R
(c.) Ais homeomorphic to Z , where Z has subspace topology from R

(d.) Bis homeomorphic to Z , where Z has subspace topology from R

(87.) Let Gbe a group of order 24. Which of the following statements are necessarily true?
(a.) Ghas a normal subgroup of order 3
(b.) Gis not a simple group
(c.) There exists an injective group homomorphism from G to S,

(d.) Ghas a subgroup of index 4

(88.) For any complex valued function flet D,denote the set on which the function f satisfies
Cauchy-Riemann equations. Identity the function for which D; is equal to C.

z
(a') f(Z) = lel

(b.) f(z)=(cosax-sinay)+ i(sinax+cosay),where z=x+iy

(c) f(z)= e if z#0
0 ifz=0

d.) f(z)=x*+iy’where z=x+iy

(89.) Which of the following statements are true?
(a.) All finite field extension of Q are Galois

(b.) There exists a Galois extension of Q of degree 3.

(

c.) All finite field extension of F, are Galois
(d.) There exists a field extension of Q of degree 2 which is not Galois

(90.) For a positive integer n, let Q(n)denote the number of prime factors of n, counted with
multiplicity. For instance, Q(3)=1, Q(6)=Q(9)=2. Let p>3be a prime number and let

N = p(p+2)(p+4). Which of the following statements are true?
(&) Q(N)>3

(b.) There exist primes p > 3such that Q(N) =3

(c.)

(d.)

p can never be the smallest prime divisor of N

p can be the smallest prime divisor of N

(91.) Let f:R> —» R’be a nonzero smooth vector field satisfying div f # 0. Which of the following are
necessarily true for the ODE x = f(x)?

(a.) There are no equilibrium points
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(92.)

(93.)

(94.)

(95.)

(b.) There are no periodic solutions
(c.) All the solutions are bounded

(d.) All the solutions are unbounded

The values of a,b,c,d,e for which the function

a(x-1’+b(x-2) -—w0<x<2
flo=1 cx-1"+d 2<x<3
(x-17+e(x-3)° B<x<w
is a cubic spline are
(a) a=c=1,d=0,b,eare arbitrary
) a=b=c=1,d =0,eis arbitrary
(c) a=b=c=d=1,eis arbitrary
(d) a-= c=d=e=1
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Which of the following expression for u = u(x,t)are solution of u, —e‘u, + u=0with u(x,0)=x?

Consider the 27d order ODE X + p(t) x+q(t)x=0and let x,,x,be two solutions of this ODE is

[a,b]. Which of the following statements are true for the Wronskian W of x,,x, ?

(a.) W =01in (a,b)implies that x,, x,are independent

(b.) W can change sign in (a,b)

(c.) W(t,)=0for some t, e(a,b)implies that W = 0in (a,b)

(d.) W(t,)=1for some t, € (a,b)implies that W =1in (a,b)

A mass mwith velocity vapproaches a stationary mass M along the x -axis. The masses bounce
of each other elastically. Assume that the motion takes place in one dimension along the X -axis

and v,and V,represent the final velocities of masses mand M along the x-axis. Which of the

following are true?

@) vy=v,V, =v
(b.) v, =0,V, =v

(m-M)v v o 2mv

www.dipsacademy.com | info@dipsacademy.com

c) v, = V. =
() f m+ M ' m+M
mv Mv
d) v, = V. =
() " m+M T m+M
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(96.)

(97.)

(98.)

(99.)

Let K(x,y)be a kernel in [0,1]x[0,1], defined as K (x,y)=sin(2zx)sin(2zy). Consider the

integral operator.
KW () = [ u(y)K (x.y)dy

where u e C([0,1]) . Which of the following assertions on K are true?
(a.) The null space of K is infinite dimensional
(b) [ WG dx = [ K@) ulx)dx for all u,veC([0,1])

(c.) K has no negative eigenvalue

(d.) Kis has an eigenvalues greater then 3 /4

Consider the Euler method for integration of the system of differential equations

X=-y

X=X

Assume that (xi",yi") are the points obtained for i =0,1,...,n° using a time-step h =1/n starting
at the initial point (x,,y,)=(1,0) . Which of the following statements are true?

(a.) The points (xl" Yl ) lie on a circle of radius 1

(b.) lim(x",y")=(cos(1),sin(1))

(c.) lim(x},yz)=(10)

(@) () +(yr) >1for i>1

Let Bbe the unit ball in R°®centered at origin. The Euler-Lagrange equation corresponding to

1/2
the functional I(u)= IB (1 + |Vu|2) dxis

1/2
@) div(LgJ 0
(1+[vul)
_wy
(1+vuP)”

(c) IVul=1

(b.)

d) (1+Ivul’)au =y u.u u

X xR

Let ube a positive eigenfunction with eigenvalue 1 for the boundary value problem
i+2u+a(t)u=2au, u(0)=0=u(1) where a:[0,1] > (1,0). Which of the following statements
are possibly true?

(a) 2>0

(b.) 2<0

() [(@’dt=2[ uidt+| (a(t)-1)udt
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(100.) Let X ={yeC'[0,7]:y(0)=0=y(z)} and define J:X — R by J(y)zj.:yQ(l—y'z)dx. Which of

(101.)

(102.)

(103.)

(104.)

the following statements are true?

(a.)
(b.)
(c)
(d.)

y=0is a local minimum for J with respect to the C' norm on X
y=0is a local maximum for J with respect to the C'norm on X
y=0is a local minimum for J with respect to the sup norm on X

y=0is local maximum for J with respect to the sup norm on X

, O’u

Let u(x,y)solve the partial differential equation (PDE) x W+3y2u=0with u(x,0)=e"".
xXoy

Which of the following statements are true?

(@)
(b.
()
()

The PDE is not linear

u(l,1)=¢’
u(l,1)=e
The method of separation of variables can be utilized to compute the solution u(x, y)

Consider the integral equation I:(x -Hult)dt=x; x>0,

for continuous function u defined on [0,=). The equation has

(a.)
(b.)
(c.)
(d.)

A unique bounded solution
No solution

A unique solution u such that|u(x)| < C(l + |x|) for some constant C

More than one solution u such that |u(x)| < C(l + |x|) for some constant C.

Let {(x;,y;):i=1,2,...,n} be given data points, where not all x;s are the same. C decides to fit a

linear regression model of y on xwith an intercept and D decides fit a linear regression model

of yon xwithout an intercept. Let xand y be the sample means of xand y respectively.

Which of the following statements regarding the two fitted models are NOT necessarily true?

()
(b.
()

(d.)

Both the fitted regression line will pass through the point (X,y)
C's fitted line will pass through (X,7), but D's fitted line will not pass through (X,7)

for both the fitted models, the sample correlation coefficient between x;sand the
corresponding residuals is zero

the sample correlation coefficient between x;sand the corresponding residuals is zero of
C's fitted model, but not for D's fitted model.

Suppose X,,...,X, are i.id N(0,1)where ¢>0. Let T =T(X,,...,X,)be the maximum likelihood

estimate of 9. Which of the following statements are true?

()

E,(T)-0>0forall >0
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(105.)

(106.)

(107.)

(108.)

(b.) E,(T)-6=0forall >0
(c) E,(T)-6<Oforall #>0
(d.) There exists 6, >0such that E,(T)-6<0 forall 0<#<6,and E,(T)-6>0for all 8> 6,

Suppose X ~Geometric (1/2)(taking value in {1,2,3,...}) and conditional on X, the variable Y
has Poisson (X)distribution. Similarly U ~ Poisson (1) and conditional on U , the variable V has
Geometric (1/(U +1)) distribution. Then,

(a) E(Y)=E(V)
(b.) E(Y)<E(V)
(c.) Varly]zvarl[V]
(d.) Varlyl<var[Vv]

Consider an irreducible Markov chain with finite state space S. Let p= (( pij)) be its transition

probability matrix and let p" = (( p;.”) )) denote n -step transition probability matrix for the chain.

. ]. I (m) . .
Let a; = }ggzglpg ,i,jesS
Recall that the limit above always exists. Which of the following statements are necessarily true?

@) a;=a,;Vi,jkeS
(b.) Y ,a;=1forall ies

(c) a;>Oforall i,jeS

(d.) For alli, j e S, the sequence p?»")

; converges to ¢;as n— o

Suppose X,,X,,...,X, are i.i.d. random variables which are uniformly distributed on the interval
(0,6) whereg>0. Let X, < X, <...< X, be the corresponding order statistic. Consider testing
the hypothesis H, :6 =1versus H, :0 >1. Which of the following tests have significance level «
for 0<a<0.57

(a.) Reject Hy,when X, >1-«

1/n

(b.) Reject H,when X, >(1-a)

1/n

(c.) Reject Hywhen X , <(1-a)

(d.) Reject Hywhen X, >1-a'"

Consider a small clinical trial to study the effectiveness of a treatment for a particular illness,
10 patients are enrolled in this experiment. Let ¢ denote the probability that a randomly chosen
partient in the population recovers from this illness due to this treatment. For a standard
Bayesian analysis ,consider the Beta (0.5,0.5)prior on ¢ (with density proportional to

(6(1-0)"). Suppose exactly 6 out of the 10 patients recover. Which of the following are Bayes
estimates of gunder the squared error loss function?
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(109.)

(110.)

(111.)

13
(a.) 2
11
(b.) 20
1
(c) 5

(d.) E(@/6 out of 10 patients recovered)

If 7 is permutation of {1,2,...,n}, let X, (x) denote the number of fixed points , that is cardinality
of the set {i <n:z(i)= i} . If a permutation 7is chosen uniformly at random then X is a
random variable. Which of the following are correct?

(a) E(X,5)=5E(X;)

(b.) E(X,)=E(X;)/5

(c) E (Xzs) = E(Xs)

(d) E(X,)=[E(X)]

Suppose we fit the linear model Y = Xp+ eusing least squares where Y =(Y,,Y,,...,Y, )T and
€:(€1a€2>--->€n )T. Here Xis a nx pnon-stochastic matrix with full column rank and e, s are
i.i.d. with mean O and variance 1. For ie{1,2,...,n},let Y,be the fitted value of Y,and let & be
the corresponding residual. For r,s e {1,2, ...,n} , r# swhich of the following must be true?

(a.) The random variable € and Y, are uncorrelated

(b.) The random variable € and Y, are uncorrelated

(c.) The random variable & and Y, are uncorrelated

(d.) The random variable & and Y, are uncorrelated

Let (X,,Y),(X,,Y,),...,(X,,Y,) be iid from a continuous bivariate distribution. Let R be rank of
X,among the Xobservation and S;be rank of Y,among the Y observation. Let Spearmen’s

statistic for testing independence between X and Y observation be denoted by T . Then, which
of the following are true?

T = 122 :1:1RiSi _ 3(71 +1)
n(n?-1) n-1

(b.) E(T)=0when Xand Y are independent

(a.)

(c.) Var(T)= %when X and Y are independent
n —

(d) T=0

DIPS HOUSE, 28, Jia Sarai, Hauz Khas, Near I.I.T., New Delhi-110016 ‘ 21

www.dipsacademy.com | info@dipsacademy.com | Ph. 88-00-22-1386, (011)-26537527



An ISO 9001 : 2015 Certified Institute

1pS ACADEMY

CSIR NET/JRF Mathematics Papef‘ [1 B FBb, 2022] REGENERATING LOGICS

MATHEMATICS & STATISTICS

(112.)

(113.)

(114.)

(115.)

Let (X,,n>1)and Xbe random variables defined on a common probability space, all having
finite expectation and having characteristic functions (¢,,n >1)and ¢ respectively. Which of the
following

(a.) if E(X,)— E(X)then there is at least one sample point wsuch that X, (w) —» X (w)
(b.) if X, (w)—> X (w) for every sample point wthen E(X,) > E(X)
(c.) if for every sample point wthen ¢, (t) - ¢(t) for all ¢

(d.) if ¢, (t) > ¢(t) for all ¢t then X, (w) — X (w) for all at least one sample point w

Let X,,X,,...,X, be random variable whose marginal distribution are N(0,1). Suppose
W(X,X;)=0for all i,j,i#j. Let Y=X+X,+..+X,and V=X?+X] +..+X?. Which of the
following statements follow form the given condition?

(a.) Y has normal distribution with mean zero and variance n

(b.) V has chi-square distribution with n degree of freedom

(c) E(X’X})=0forall, i,j,i+# j

d) P(yl>t)< tﬁzfor all t>0

Consider a Markov chain with state space S={0,1,2,...,} and transition probabilities given as

follows:
po;=1/(jle)for j>0
p;;, =1for i>0 and iodd; p,,, =1for i>0 and i even. Which of the following are true ?

(a.) The chain is irreducible
(b.) The chain has period 2
(c.) There are infinitely many recurrent classes

(d.) zero is a transient state

A population of size N is divided into L strata of sizes N,,N,,...,IN, respectively. A strafified
random sample of size nis drawn from the population where n,,n,,...,n, denote the sample size
in each of the L strata. Note that within each stratum units are chosen using simple random
sampling .

L N.y.
Suppose the sample mean of the j-thstratum is denoted by y;and let Yy :Z Y and

J=1

o =V (Yq)

Consider a simple random sample of size n drawn from the population, independently of the
first sample. Let i and o”denote the sample mean and the variance of the sample mean for this
sample. Which of the following statements are corrects?

(a.) Yy, is an unbiased estimator of the population mean

(b.) yis an unbiased estimator of the population mean
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n. n
() if = forall, then o, <o

(116.) Let (x,,y,),(%,,Y,),-.-,(x,,y,) be nindependent observation from the uniform distribution on

S, ={(xy):0<x*+y’ <@+1l where 9>1 is an unknown parameter. Which of the followin,
0 g

statements are corrects?

(a.) max.., (x’ +y?)-1lis a maximum likelihood estimate of ¢

(b.) min,,, (x? +y?)is maximum likelihood estimate of ¢
(c) Any value between max,.,(x* +y?)-land min_._, (x? +y?)is a maximum likelihood
estimate of ¢

(d) Any value between max,.,(x?)+max..,(y?)-land min__ (x?)+min._., (y?)is a

i<i<n

maximum likelihood estimate of ¢

(117.) Let {Nt,t > 0} be a Poisson process with intensity parameter 10. Let T be an exponential random

variable with mean 6, and independent of the Poisson process. Which of the following are true?
(&) P(N,=k)=eT(10T)" / k!

(b.) E(N,)=60

(c.) (N, —N,;t>0)is a Poisson process with intensity parameter 4

(d.) (N, —N,;t>0)is a Poisson process with intensity parameter 10

(118.) Consider the following Linear Programming Problem. Minimise 14x + 9y + 6z subject to
2x+y+z28
3x+2y+z=210
x2>20,y>20,z>0.

What is the optimal value of the objective function?
(a.) 52
48

(119.) Consider a sequence of i.i.d. observations X,,X,,...fromN(0,5?). Which of the following are

unbiased and consistent estimators of &2?
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(©) e D (% - %)’

1 2 2
() |5 (X +x2)

(120.) Let X be a non-negative random variable with E[X]=1. Which of the following quantities is
necessarily greater than or equal to 1?

(a.) E[x*]
(b.) (ElcosX])" +(E[sinX])’

(c) E[VX]
(d) E[1/X]
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